We present a model of a spin-squeezed rotation sensor utilising the Sagnac effect in a spin-1 Bose-Einstein condensate in a ring trap. The two input states for the interferometer are seeded using Raman pulses with Laguerre-Gauss beams and are amplified by the bosonic enhancement of spin-exchange collisions, resulting in spin-squeezing and potential quantum enhancement in the interferometry. The ring geometry has an advantage over separated beam path atomic rotation sensors due to the uniform condensate density. We model the interferometer both analytically and numerically for realistic experimental parameters and find that significant quantum enhancement is possible, but this enhancement is partially degraded when working in a regime with strong atomic interactions.
I. INTRODUCTION
Atom interferometers are relatively new measurement devices that harness the wave nature of atoms at low temperatures to measure quantities such as magnetic fields [1, 2] and physical constants [3, 4] with ever increasing precision. In particular, matter-wave interferometry is particularly sensitive to inertial measurements such as gravitational fields [5] [6] [7] [8] and rotations [9] [10] [11] [12] [13] . Precision rotation sensing is of practical interest with applications in navigation technology and geophysics, and it may also play an important role in the detection of gravitational waves [14] .
At nanokelvin temperatures, atomic Bose-Einstein condensates (BEC) provide a near monochromatic source of matter waves, which can potentially lead to improved visibility and decreased uncertainities in interferometric experiments as compared to laser-cooled thermal atoms [15] [16] [17] [18] . However, a major practical limitation is a reduced particle number available for the interferometer as compared to laser-cooled gases. [19, 20] .
The minimum phase uncertainty that can be achieved with an atom interferometer using uncorrelated sources is the standard quantum limit (SQL), ∆φ = 1/ √ N t where N t is the total number of atoms used in the experiment [21, 22] . Because of this limitation, it is desirable to devise schemes that are able to boost phase sensitivity without requiring more atoms. The performance of atom interferometers can potentially be enhanced beyond the SQL using the method of spin-squeezing to generate correlated atomic sources. The maximum sensitivity of such sources is known as the Heisenberg limit (HL), ∆φ = 1/N t [23] .
In the past two decades there have been many proposals to generate spin-squeezed states in atomic systems. These include one-axis and two-axis twisting [24] [25] [26] [27] [28] [29] [30] [31] [32] , molecular dis- * uqsnolan@uq.edu.au sociation [33] , four-wave mixing [34, 35] and spin-exchange collisions [36] [37] [38] . Of these possibilities, one-axis twisting [39] [40] [41] , four-wave mixing [42, 43] and spin-exchange collisions [44] [45] [46] [47] have all been demonstrated experimentally. However, to date a spin-squeezed, separated beam path interferometer, required to measure inertial effects, has not been realised.
A significant obstacle to performing spin-squeezed separated beam path interferometry with a BEC is mode-matching: in order to observe the high-contrast interference fringes required for sub-SQL interferometry, the two wave-packets to be interfered must have similar spatial density and phase profiles. Typically in a separated beam path interferometer, two atomic matter-wave packets begin as identical copies, which then traverse separate spatial trajectories before being recombined. Atomic interactions perturb the phase-profile of each wave-packet as they separate and evolve independently. Upon recombination the wave-packets will no longer overlap perfectly, which leads to reduced fringe visibility and acts essentially as signal loss, to which quantum-enhanced interferometry is highly sensitive. Additionally, phase diffusion due to the nonlinear nature of the atomic interactions is significantly increased while the clouds are not overlapped [39] , which limits the maximum interrogation time of the device.
Some of these difficulties can be addressed by utilising a BEC in a toroidal trap. This geometry results in a BEC with uniform density about the ring, which eliminates any perturbations to the phase-profile caused by wave-packet separation, and minimizes the effect of phase-diffusion caused by path separation. For this reason there have been several proposed methods for a quantum-enhanced rotation sensor constructed from a BEC in a ring trap [48] [49] [50] [51] [52] [53] [54] . Another proposal exploits Fermi statistics to generate correlations [55] .
Although a spin-squeezed gyroscope has yet to be demonstrated, high-precision (but classical) gyroscopes that utilise the Sagnac effect have been realised. These are separated beam path interferometer whereby a rotation produces a phase shift between the separated wave-packets [9] [10] [11] [12] [13] . More re-cently it has also been demonstrated that a single component BEC in a ring trap can also measure rotations by exciting counter-propagating acoustic waves [56] . In this paper, we investigate a rotation sensor based on a BEC uniformly filling a ring trap, and investigate how spin-exchange collisions can be used to enhance the sensitivity to better than the standard quantum limit.
The structure of the paper is as follows. In Sec. II we outline an interferometry protocol similar to that of [57] but which couples different spin states with Raman transitions. We also define the relevant pseudo-spin representation and spin-squeezing parameter for the system. Sec. III A provides a full description of the interferometric scheme, including the Hamiltonian and the preparation of a spin-squeezed input state. In Sec. IV the spin-squeezing of the input state is estimated analytically before a more complete numerical treatment in Sec. V. The input state is found to have sensitivity significantly below the SQL in both situations. The full interferometer sequence is simulated in Sec. VI which reveals a fundamental limitation: that the squeezing parameter oscillates during the interrogation time as a result of unwanted population in other angular momentum modes due to spontaneous collisions.
II. INTERFEROMETRIC SCHEME
The scheme we will describe in detail below is a type of Mach-Zehnder interferometer. The key part of the interferometer is the initial equal mixing of two separate modes using an effective beam splitter, which are then allowed to freely evolve under a rotation for a certain interrogation time, before being recombined with another 50-50 beam splitting operation. The toroidal trapping geometry makes it natural to use Laguerre-Gauss (LG) beams to implement Raman transitions. We are motivated by recent work showing that orbital angular momentum carried by the wavefront of a Laguerre-Gauss (LG) optical beam can be transferred to the centre of mass angular momentum mode of a BEC, theoretically [58] [59] [60] [61] and experimentally [62] [63] [64] . Our scheme utilises this idea by coupling the centre of mass angular momentum modes of a spinor BEC in a ring trap geometry, similar to Ref. [57] . In this section we give a broad outline of a type of interferometer that uses these Raman pulses for the beam splitting, and define the appropriate observables to measure the corresponding phase difference of the two paths.
A. Heisenberg picture description of a Raman interferometer
A Raman transition is a well established technique in atom optics that is used to drive transitions between different electronic states of an atom while also transferring kinetic energy to the atoms [65] , as illustrated Fig. 1(a) . Treating the optical beams semiclassically, making the rotating-wave approximation [66] and adiabatically eliminating the excited state [67] , the Hamiltonian which describes a two-photon Raman transi- tion between the m F = a,b Zeeman states is [68] 
whereψ a (r) is the bosonic field operator annihilating the ath spin state at position r, ∆ is the single photon detuning frequency, H.c denotes Hermitian conjugate, δ is the two-photon detuning, and Λ a,b (r) are the complex fields representing the LG beams. As well as linear momentum, LG photons carry orbital angular momentum where is an integer winding number. In cylindrical coordinates (r, θ, z) the LG beams are
where Λ 0 is the single photon Rabi frequency between ground and excited states. We have assumed that the width of the ring trap is sufficiently small that the intensity of the LG beams is constant in this region. To couple between centre of mass motional states with orbital angular momentum ± we chose the LG beams to co-propagate (k +1 = k −1 ) with equal and opposite winding number, and assume the atoms are confined to the plane z = 0. In our interferometer we couple atoms in the m F = +1 and m F = −1 Zeeman levels, assumed to occupy motional states with centre of mass orbital angular momentum + and − respectively (Fig. 1) . Because this coupling conserves kinetic energy we set δ = 0 as shown in Fig. 1(b) . After preparation of the input states, a π/2 pulse is implemented by applying a Raman pulse of duration
such that
whereψ j (r, 0) is the Schrödinger picture bosonic field operator for the jth spin state. The system then undergoes free evolution for some interrogation time T , during which an external rotation of the system will rotate the LG beams by an angle Φ = T 0 Ω(t)dt relative to the inertial references provided by the counter-propagating BEC components, where Ω(t) is the angular frequency of the rotation. If the rotation is about the z axis, this is equivalent to shifting the coordinate system of the beams by some angle Φ to the rotated coordinate θ = θ + Φ. This is also equivalent to a shift in the relative phase of the two LG beams of φ = 2 Φ. After the interrogation time the states are recombined with a second π/2 pulse, performed with the rotated LG beams. This is also described by Eq. (1) with LG beams given by Eq. (2) but now in terms of the rotated equatorial angular coordinate, Λ ±1 (θ ). At time t f = t π/2 +T +t π/2 the field operators arê
This final π/2 pulse acts to compare the relative phase of the Raman beams to the stationary phase-reference of the counterpropagating atomic modes, as illustrated in Fig. 2 . In writing Eqs. (5) we have ignored the free-evolution of the atoms in the time between the two coupling pulses. We explore the effect of a finite period of free-evolution in Sec. VI. Briefly, in the situation where only two motional eigenstates of the confining potential with equal and opposite angular momentum are occupied, then the relative phase due to the contribution from the kinetic energy cancels, and Eqs. (5) remains valid. This treatment assumes that the axis of rotation is perfectly aligned with the axis of the ring trap. In the presence of a small off-axis contribution to the rotation, the accrued phase shift in Eqs. (5) would be proportional to the z-component of the rotation only. A large off-axis contribution would cause a reduction in visibility due to the centre of the LG beam drifting relative to the centre of the ring-trap, reducing the overlap . Schematic of rotation sensing using from counter-propagating atoms and Laguerre-Gauss beams. For illustrative purposes we show the = 5 case. Color represents relative phase of the LG beams (the outer ring) and the mF = ±1 atomic spin states (inner ring). The beams B and C correspond to the two π/2 pulses, shown in Fig. 3 . The rotation of the LG beams causes a shift in the relative phase, while the atoms provide an inertial reference frame. As the atomic population difference after the second π/2 pulse ("C") depends on the relative phase of the LG beams (8) , the final population difference is sensitive to the rotation.
of the spatial profile of the atomic modes and the coupling profile defined by the LG beams. A slightly elliptical ring trap would have a similar effect. The operator for the number difference between the two Zeeman states iŝ
is the number operator for Zeeman level m F = a. By evaluatingĴ z at time t f [by substituting Eq. (5) into Eq. (6)] we see there are interference fringes present in the number difference, and so this is the signal that can be used to measure the relative phase. We find
σ i is the ith Pauli matrix, and
The {Ĵ k } operators obey the standard SU (2) angular momentum commutation relations. We note that the e i2 θ dependence in the definition ofĴ x andĴ y comes from the e i2 θ dependence in Eq. (5), which is in turn a consequence of the use of LG beams in the Raman transitions.
WithĴ z (t f ) as the signal, the corresponding phase uncertainty is
which is smallest when φ = nπ for integer n. For these values we find
whereĴ k (0) are the pseudo-spin operators prior to evolution through the interferometer, N t is the total number of detected atoms, and ξ is the Wineland squeezing parameter [21] ,
with the perpendicular spin length
We note that for our choice of initial conditions Ĵ y = 0. Equation (13) also takes into account the effect of atomic population in other angular momentum modes, which will have the effect of reducing the fringe contrast, which manifests itself as a reduction of J ⊥ . The definition of spin-squeezing is when ξ < 1, which results in phase sensitivity beyond the SQL. In the next section we will discuss how this may be achieved with spinexchange collisions. The Wineland parameter essentially describes the metrological potential of a particular input state for a perfect rotation sensor, which is described by Eq. (8) . It is unable to account for effects such as a finite interrogation time, or imperfections in a realistic interferometer, such as dephasing due to nonlinear interactions, or other dynamics within the interferometer which perturb the spatial profile of the wave-packets. The effects of these processes are analysed in Sec. VI.
III. SCHEME FOR SPIN-SQUEEZED ROTATION SENSING
We now consider how to use quantum correlations generated from spin-changing collisions in a spin-1 BEC to enhance the sensitivity of the rotation sensor described in Sec. II. We build on the interferometry scheme presented in Sec. II by using spin-exchange collisions between the Zeeman levels of this condensate to generate highly populated, monochromatic spin-squeezed input states, as illustrated in Fig. 3 . In summary:
A
87 Rb spinor BEC is initially trapped in the m F = 0 Zeeman level in an optical ring trap that can also confine the m F = ±1 states.
2. Two separate two-photon Raman transitions are used to coherently transfer a "seed" of atoms from m F = 0 to m F = ±1, which will serve as the initial state for the subsequent spin changing dynamics [69, 70] . The use of LG beams to implement the Raman transition also transfers orbital angular momentum to these spin states, such that the m F = ±1 component acquires an orbital angular momentum of ± .
3. The quadratic Zeeman effect is utilised to ensure spinexchange collisions of atoms from the original condensate to the seeded modes are resonant. These stimulated collisions rapidly increase the particle number in each mode without increasing the variance in the number difference, resulting in two highly monochromatic input states with a high degree of relative number squeezing, i.e the spin-squeezing parameter ξ < 1 [Eq. (13)].
4.
The trap is then adiabatically relaxed to reduce the density and collision rate. A π/2 Raman pulse implemented by LG beams acts as a beam splitter to mix the two modes. The system is then allowed to freely evolve for some interrogation time T during which a rotation of the LG phase occurs relative to the phase reference provided by the rotating BEC components. A final π/2 pulse interferes the atoms and the number difference can be measured, which will depend on the rotation angle [Eq. (8)]. The spin-squeezed input state allows this phase shift to be determined to beyond the precision allowed by the SQL.
A. Hamiltonian
To perform a rotation measurement with precision beyond the SQL, we wish to use relative number squeezed input states for use in the gyroscope described in Sec. II. The initial state is an F = 1 87 Rb spinor condensate in an optical ring trap with atoms in the m F = 0 state. If the rotation Φ occurs only in the z = 0 plane, and the radial profile of the optical LG mode is large compared to the trap radius R, then the operation of the interferometer is independent of the radial and axial degrees of freedom available to the atoms. Furthermore if the transverse confinement of the trap is sufficiently tight, it is reasonable to integrate out these dimensions. This affords us a 1D treatment of the system with position coordinate θ, which will capture the essential physics of the system.
We write the atomic states as |m F , where m F is the electronic Zeeman sublevel and is the atomic centre of mass angular momentum mode occupied by the field (note that this . Schematic of the proposed spin-squeezed atom interferometer. A coherent seeding pulse (beam splitter A) transfers a small number of atoms N seed from the |0, 0 state to each of the | ± 1, ± states. The quadratic Zeeman effect is used to cause resonant spin-exchange collisions by setting an appropriate bias magnetic field. After the desired amount of population transfer, the system is tuned away from resonance and the trap is adiabatically relaxed, perhaps in the z dimension, to reduce the effect of atomic interactions. The modes are mixed with a π/2 pulse (beam splitter B) which converts the relative number squeezing to phase squeezing. After accumulating a relative phase over interrogation time T in the presence of a rotation, the | ± 1, ± modes are interfered with a final π/2 pulse (beam splitter C). Finally the number difference between the mF = ±1 Zeeman states is measured, e.g by destructive imaging using a magnetic field gradient and Stern-Gerlach separation.
is not the electronic orbital angular momentum quantum number). The full Hamiltonian describing the free evolution of a F = 1 1D spinor condensate (with Raman pulses) is [71] 
whereĤ R is Eq. (1) and f (t) is some function of time which is either 1 or 0, whose purpose is simply to "turn on" the Raman pulses at the appropriate times throughout the evolution. The four other contributions to the Hamiltonian are the kinetic energyĤ
the spin-preserving s-wave collisionŝ
the spin-exchange collisionŝ
and the energy due to the quadratic Zeeman effect
We have omitted the term describing the linear Zeeman effect as it can be eliminated by moving to the appropriate rotating frame. In the above equations we have defined the number density operatorn k =ψ † kψ k , and the spin-independent and spin-dependent interaction constants c 0 = 2 2 (2a 2 + a 0 )/(3RmA) and c 2 = 2 2 (a 2 − a 0 )/(3RmA) respectively. Note that c 2 < 0 for 87 Rb. The transverse area due to integrating out two dimensions is A, m is the mass of a 87 Rb atom and a S is the scattering length for a collision process with final spin S. The term responsible for spin-squeezing is Eq. (18) , which creates entangled atomic pairs by the Bose stimulated scattering of particles from the m F = 0 states to m F = ±1. We have also included an energy shift δ Z (t) due to the quadratic Zeeman effect of each m F = ±1 levels relative to the m F = 0 level. This can be adjusted dynamically in an experiment by changing the strength of a bias magnetic field.
B. Seeding of input states
To generate spin-squeezed input states, we first utilise two Raman transitions with LG beams with angular momentum ± to coherently transfer a small fraction of the atoms, |0, 0 → | + 1, + and |0, 0 → | − 1, − . The Hamiltonian for this process is given by Eq. (1) with a = 0 and b = ±1 with Rabi frequencies Λ 0 and Λ ±1 (θ) [Eq. (2)]. To ensure the transition is on resonance we choose the two photon detun -FIG. 4 . Energy level diagram in presence of quadratic Zeeman δZ shift for two (simultaneous) seeding pulses, used to transfer a small number of atoms from the original |0, 0 ground state to the |±1, ± modes. This corresponds to pulses "A" in Fig. 3 . We include a two photon detuning δT = 2 /2mR 2 to ensure the coupling process conserves kinetic energy. ing δ = 2 /2mR 2 i.e the kinetic energy given to the seed atoms by the Raman lasers. To create a seed of N seed atoms in each of the | ± 1, ± BEC components from an original |0, 0 condensate containing N 0 atoms, we use a pulse with duration
The seeding process creates the coherent initial state [66] ,
where
with coherent amplitudes
The single mode bosonic annihilation operatorsâ j are defined
We allow for the possibility of a relative phase χ between the | ± 1, ± states and the original |0, 0 coherent state, which could be imparted via a relative phase between the two LG beams. To optimise the signal to noise ratio for our interferometer we choose χ such that maximum population growth is achieved.
C. Spin-squeezing of input states
Spontaneous spin-exchange collisions will naturally populate the m F = ±1 Zeeman states. The effect of the initial seeding allows for bosonically enhanced collisions to rapidly transfer correlated particles to the selected momentum modes of the interferometer. We note however, that in a magnetic field regime where the quadratic Zeeman effect can be neglected that this collision process does not conserve kinetic energy -the initial |0, 0 state has no kinetic energy, whereas the seeded states have an energy 2 2 /2mR 2 . To allow the desired spin-exchange collisions to occur, we adjust the bias magnetic field and utilise the quadratic Zeeman effect to make the collision |0, 0 + |0, 0 → | + 1, + + | − 1, − resonant. Of course, the undesired collision |0, 0 + |0, 0 → | − 1, + + | − 1, + is also resonant, but the seeding leading to bosonic enhancement will overwhelm this competing process.
As the stimulated collisions populate the rotating modes, their mean-field energy increases [see Eq. (17)] which also causes the spin-exchange collision process to move offresonance. To keep the collision on resonance we adjust the bias magnetic field in the appropriate manner. Assuming the number density remains roughly uniform, the quadratic Zeeman energy required to ensure resonance at all times can be found by applying energy conservation
are the mean-field energies, and N j = dθ ψ † jψ j is the expectation value of the number of atoms in the m F = j state. We find that this resonance condition is fairly robust, a relative error in δ Z up to 10 percent has negligible impact on the population transfer.
The result is two number-correlated counter-propagating matter-waves with equal but opposite angular momentum. With seeding, the protocol fails to create maximally numbercorrelated modes, i.e
rather than Var Ĵ z (r) = 0, as one would expect for any pairwise particle creation process. However, this can still be significantly less than Var Ĵ z = (N +1 + N −1 )/4, which is the limit for uncorrelated modes. The bosonically-enhanced collisions into the desired angular momentum modes create highly monochromatic final states. After a sufficient number of atoms have been transferred to the desired modes via spin-exchange collisions, we perform the interferometry protocol described in Sec. II. To suppress further spin-changing collisions into the interferometer modes, we adjust the bias magnetic field such that δ Z = 0 and adiabatically relax the trap in the z dimension to reduce the system density, while retaining an approximately 1D treatment of the system. This has the added advantage of minimising dephasing due to the spin preserving s-wave collisions, which are also reduced.
IV. APPROXIMATE ANALYTIC TREATMENT OF THE MAXIMUM OBTAINABLE SPIN-SQUEEZING
Analytic results that estimate the obtainable amount of spin-squeezing can be found by making several simplifying approximations. In the following we assume all resonance conditions are met, and only consider the preparation of the input states.
A. Quantifying Spin-Squeezing
The first approximation is assuming that the only significant population in the fieldsψ ±1 is due to the seeded atoms in the ± angular momentum modes. In this situation we havê
with single mode bosonic annihilation operatorâ k , as in Eq. (23) . The next approximation is that the initial m F = 0 condensate is a large coherent state that remains essentially undepleted. The simplified Hamiltonian
has the following solutions for the single mode bosonic operatorsâ ±1 :â
where we have defined the squeezing parameter
and the time t prep is the duration that the spin-exchange collisions are resonant. As the spin-exchange interaction strength c 2 is negative, r is always positive. We take expectation values of the number operators for these modes with respect to the coherent states created by the seeding process Eq. (21) . Only the phase χ of the m F = ±1 states relative to the m F = 0 state has any physical consequence, so we are free to choose α ±1 to be real numbers with no loss of generality. The number of atoms created by the spin-exchange collisions in each Zeeman state is
The unbounded exponential growth predicted here is an artifact of fixing N 0 in Eq. (28) and is often called the undepleted pump approximation. It demonstrates the exponential increase in population due to bosonic enhancement created by seeding over the vacuum growth rate, which is the term N vac ±1 (r) = sinh 2 (r). The result Eq. (31) is only valid for N ±1 (r, χ) N 0 . The perpendicular spin length can be similarly evaluated
which is simply N ±1 (r, χ) − N vac ±1 , i.e the number of atoms transferred into the m F = ±1 states due to the stimulated (rather than spontaneous) spin-exchange collisions.
We are now in a position to evaluate the Wineland squeezing parameter Eq. (13) for spin-squeezed input states
which is less than one for r > 0. We find that ξ and N ±1 are minimised and maximised respectively for χ = 3π/4 radians, where we find ξ(r, χ = 3π/4, N seed ) = e −4r sinh 2 (r)
and henceforth we fix χ to this value. A plot of ξ(r, N seed ) is shown in Fig. 5 which demonstrates spin-squeezing. We can see that for sufficiently small seed sizes vacuum growth dominates, resulting in a short time where the system is spin anti-squeezed. It is straightforward to show that for ξ < 1 we require
for some amount of squeezing r.
B. Maximum phase sensitivity
We now calculate the maximum sensitivity for these input states. For a fixed number of total atoms N t , the ultimate sensitivity attainable by any interferometer is the Heisenberg limit. This motivates us to examine ξ HL = √ N t ξ, which is Eq. (13) renormalised to the Heisenberg limit. We can evaluate ξ HL analytically by setting N ±1 (r, N seed ) = N t /2 [Eq. (31)], and solving for the optimum r we find
Substituting this into ξ HL eliminates r, but introduces dependence on N t . The maximum sensitivity normalised to the We can see that ξ is approximately independent of N seed for N seed > 1. In practice however, the r at which the undepleted pump approximation breaks down depends on N seed , so there is effectively a maximum r for each N seed . Dashed black line indicates contour plotted in (a).
Heisenberg limit is then
(37) However for N t 2, ξ HL is approximately independent of N t , and so we are able to obtain a simple expression for ξ HL as a function of N seed only. This is given by
which is plotted in Fig. 6 . Fig. 6 demonstrates that the optimum sensitivity is achieved for small seeds. A decrease in sensitivity for seed sizes less than N seed = 1/4 is a result of usingĴ z as the signal. It is a well known result from quantum optics that the Heisenberg limit can be reached using squeezed vacuum (N seed = 0) if J 2 z is analysed instead [44, [72] [73] [74] . Despite this, we chose to use a seed for the reasons of bosonic enhancement outlined in Sec. III A. Additionally, unseeded states are poorly suited to inertial measurement as the lack of coherent population makes the system insensitive to the inertial phase shift derived in Sec. II. In a more complete analysis the disadvantage of such small seed sizes is both the loss of signal contrast associated with diminished monochromacity, and the reduced population in the squeezed spin states. It is therefore important to investigate the relationship between ξ and seed size in the presence of depletion and full multi-mode dynamics.
V. NUMERICAL DETERMINATION OF THE WINELAND SQUEEZING PARAMETER FOR THE INPUT STATES
The analytic results presented in Sec. IV were derived using several approximations. Here we simulate the full dynamics of the fields by numerically solving for the dynamics using the truncated Wigner approximation (TWA).
Briefly, the equation of motion for the Wigner function for the system can be found from the master equation by using correspondences between differential operators on the Wigner function and the original quantum operators [75] . By truncating all derivatives of third-and higher order (the truncated Wigner approximation), this is of the form of a Fokker-Planck equation that can then be sampled by integrating trajectories of a Gross-Pitaevskii-like equation for the complex Wigner multi-mode phase space variables ψ k (θ, τ ), with initial conditions stochastically sampled from the appropriate Wigner distribtion [76, 77] . The TWA equations of motion for the stochastic, complex fields used to reconstruct quantum expec-tation values are:
where Λ i,j = Λ * i Λ j /∆ are the coupling pulses between the components i and j with Λ i,j = Λ * j,i , n j = |ψ j (θ, τ )| 2 and n = n +1 + n 0 + n −1 . We introduce the dimensionless time coordinate τ = ωt with ω = /mR 2 . Thusc S = c S / ω and
Expectation values of quantum observables are related to the complex Wigner variables by symmetric ordering
where {} denotes symmetric ordering [66] and f (ψ * k , ψ k ) is an average over trajectories.
For the purposes of spin-squeezing, the behaviour of the system is largely insensitive to the number statistics of the initial state [24] , so for simplicity we chose a Glauber coherent state [66] . It was shown in Ref. [29] that a mixture of coherent states with random phases, or equivalently, a Poissonian mixture of number states, behaves identically to a pure coherent state in this situation. Specifically, we chose the initial state of the system to be D(α)|0 , with
where Ψ 0 (θ) is the unity normalised ground state of the system for all the atoms in the m F = 0 component. As the potential is uniform, for all components this is Ψ j (θ) = 1/ √ 2π. This corresponds to initial conditions for each TWA trajectory of
where N ±1 = 0 and η j (θ) is Gaussian complex noise satisfying
For our TWA simulations we seed the m F = ±1 Zeeman states in the = ±2 angular momentum modes. We use a spatial grid with M = 16 grid points and a sufficient number of stochastic trajectories to ensure that statistical error in the reconstructed expectation values is negligible. We consider a condensate initially with N 0 (0) = 10 5 atoms in the m F = 0 Zeeman level, which are confined to a trap of radius R = 15 µm with transverse area A = 2.33 µm 2 , which gives an effective 1D spin-dependent interaction strength of c 2 = −6.82 × 10 −4 . We use s-wave scattering lengths a 0 = 110a B and a 2 = 107a B [78] where a B is the Bohr radius.
In Sec. IV B we found that under the approximations used to derive Eq. (28) our protocol has the largest quantum enhancement for a seed of 1/4 atoms in each of the m F = ±1 modes with a sensitivity of ξ HL = √ 2. In a more realistic analysis with a multimode field this result is redundant as the unseeded modes contribute only to the noise in the signal. This situation favours a significantly larger seed, since bosonic enhancement of the atomic population in the seeded modes reduces sensitivity loss of this kind.
Additionally, in the absence of spin-squeezing the sensitivity of an interferometer increases with the number of atoms available for measurement, and while larger seed sizes reduce spin-squeezing, they do increase the amplitude of the interference fringes inĴ z which boosts the signal to noise ratio. This means that while the system may be less squeezed for a larger seed, it could be significantly more sensitive overall.
For this reason we now investigate the dependence of the absolute sensitivity ∆φ = ξ/ √ N t on seed size, which depends on both the amount of spin-squeezing and the number of atoms N t used in the measurement. We compare the results of TWA simulations of Eq. (39) allowing for spontaneous scattering into multiple modes (MMTWA), and a single mode, three component model with necessarily perfect monochromacity, but otherwise retaining all features of the system (SMTWA).
These results are shown in Fig. 7 , and they demonstrate that population in unseeded modes means that, for the largest absolute sensitivity, the optimum choice of seed size can be up to an order of magnitude larger than expected from the simplified analysis. The local minimum in the MMTWA curve in Fig. 7(a) is caused by multimode effects, i.e the population of unseeded modes will grow independently of the seed size. For seeds that are too small, the population growth in the interferometer inputs is dominated by unseeded population growth, which results in a situation where a shorter preparation time (resulting in smaller N t ) is preferable.
VI. SIMULATION OF THE FULL INTERFEROMETER SEQUENCE
The results presented so far have been concerned with the optimum preparation of an input state to the interferometer as described in Sec. III. In deriving the Wineland parameter we have implicitly assumed that there is no evolution under Eq. 15 during the beam splitting with the Raman pulses, or during the interrogation time T . While the Raman pulses can be sufficiently fast that this is effectively true, a comparatively large interrogation time may be required to resolve a small rotation. During this period of free evolution, even in the absence of the nonlinearities in Eq. (17) and Eq. (18), there is a periodic oscillation in the higher orderĴ k moments which The overall sensitivity ∆φ = ξ/ √ Nt, compared to the SQL and HL for a total number of 10 5 atoms. The number in (a) is the value which optimises ∆φ. As each seed size has a different number of atoms available for measurement [shown in (a)] the SQL and HL is different for each point but for comparison we simply take the best case scenario (Nt = 10 5 ) for each. Each point is the minimum sensitivity achieved for that seed size, i.e the points are for the optimum value of ∆φ, and the populations in (a) are the corresponding Nt(ropt).
contribute to ξ.
This behaviour can be understood qualitatively if we return to the undepleted pump approximation while retaining a multi-mode description of the field. This treatment is similar to the single mode analysis applied in Sec. IV A, but including all angular momentum modeŝ
We have introducedâ +1 =â andâ −1 =b to avoid confusion with subscripts j, k, which are the integers that label the angular momentum modes of the trap. The signal at the output of the interferometer isĴ z (t f ). To relate this to the quantity of interest during the interrogation time we transform it backwards in time through the final beam-splitter and find
This indicates that the quantum statistics of the signal at the output are related toĴ y (T ). Therefore we requireĴ y (T ) to be squeezed after some interrogation time T to achieve ξ < 1. After the first π/2 pulse, i.e at the beginning of the interrogation time, the initial state is
where H Seed is the seeding pulse, i.e Eq. (1) with i = 0 and j = ±1. In the basis of Eq. (45) the time dependence in J k due to kinetic energy during the interrogation time is easily evaluated by substituting the operatorŝ
intoĴ k (expanded into this basis), and by exploiting the orthogonality of the angular momentum modes
This gives operators of the form
where we have defined the summandŝ The parameters used were τprep/ω = {125, 60, 30} ms, with seed sizes of N seed = {100, 5000, 10000} respectively. The squeezing parameter is calculated from Eq. (30) . Nonlinear interactions during the interrogation time further complicate this analysis, and so for illustrative purposes we have considered the case where the transverse area A has been increased such that the nonlinear interactions are negligible, i.ec2,c0 = 0. We consider the situation whereby the transverse confinement is such that the interaction cannot be ignored in Sec. VII. which is 0 for the unseeded modes (k = ). Clearly, when k = the time dependence vanishes from Eq. (50). Thus it is apparent that only unseeded modes could possibly contribute to any dynamics, and so Ĵ y is static. A similar argument gives the same conclusion for Ĵ x and Ĵ z .
During the interrogation time ξ depends on the variance of J y . The expectation value of Ĵ 2 y contains a large number of terms. While the symmetry of the initial state ensures that many of these vanish, several survive and contribute to the time dependence of Ĵ 2 y . One such term is
which carries a factor ∝ cos
To illustrate the effects of such dynamic terms on the system, Fig. 8 shows the Wineland parameter as a function of interrogation time T . As expected from Eq. (52), the harder the system is squeezed the more sharply the Wineland parameter dips, and the lower the dip. Importantly, there are periodic revivals which indicate times when the system is optimally squeezed. However, these revivals do not necessarily indicate the optimum time for measurement, which we explore in Sec. VII.
VII. OPTIMUM ROTATION SENSITIVITY
In this section we consider the overall performance of the interferometer in measuring rotations given a fixed initial atom number in the BEC. The optimum time to perform a rotation measurement in a spin-squeezed system is not necessarily when the Wineland parameter ξ is minimised. While increasing the interrogation time increases the sensitivity of a rotation measurement, dephasing due to atomic interactions can rapidly destroy the signal to noise ratio. To investigate the relationship between rotation sensitivity ∆Ω and interrogation time we assume a constant rotation of the form Φ = ΩT . As outlined in Sec. II, the relative phase accumulated between the counter-propagating m F = ±1 components as a result of this rotation is φ = 2 ΩT . The rotation uncertainty is related to the phase uncertainty by
where ∆φ is given by Eq. (11). Due to vacuum growth [the sinh 2 (r) term in Eq. (31)], smaller seed sizes with longer preparation times will have a higher fraction of atoms in the unseeded angular momentum modes. In turn, this means that atomic interactions during the interrogation time play a more significant role in determining a suitable regime for optimum ∆Ω. For this reason we would no longer expect a small seed which is highly squeezed to be optimal, as was indicated in Fig. 7 . To demonstrate this, Fig. 9 shows ∆Ω as a function of T for a variety of atomic interaction strengths (parameterised by the transverse area A) and degrees of squeezing.
As expected Fig. 9 (a) indicates that with no interactions the revivals present in Fig. 8 are still present and represent optimum measurement times, and the sensitivity improves further if later revivals are used. However, for non-zero atomic interactions the optimum measurement time is largely independent of these revivals, and instead depends almost exclusively on the relative strength of the interactions. This is related to both the population in the unseeded modes relative to the coherent seeded population, as well as the density. Figs. 9(b -c) show the optimum seed size and preparation times depend strongly on the interrogation time. In an attempt to minimise the effect of this de-phasing, we added a π pulse at t = T /2. However, we found that this did nothing to recover the initial rotation sensitivity.
The deleterious effect of interactions shown in Fig. 9 can be minimised by increasing the transverse area A. In order to maintain a 1D geometry and uniform radial density the transverse confinement should remain tight, but the trap could be relaxed in the z dimension.
VIII. CONCLUSIONS
We have analysed in detail the performance of a spinsqueezed rotation sensor based on a spin-1 Bose-Einstein condensate. The spin-squeezed input states are generated via . Absolute uncertainty ∆Ω in the rotation measurement as a function of the interrogation time T for effective 1D spin-dependent interaction strengths of (a) δc2 = 0, (b) δc2 = 0.02 and (c) δc2 = 1 during the interrogation time. We have defined the ratio δc2 =c2(T )/c2(0) of the interaction strength during the interrogation timec2(T ) to the interaction strength during the preparation timec2(0). These depend on the transverse area A, which can be controlled by relaxing the confinement in the z direction. Even for small trapping frequencies the rotation sensitivity rapidly becomes worse than the SQL, and so (b) and (c) are plotted on a logarithmic time scale.
Bose-stimulated spin exchange collisions, following a coherent seed. Despite the fact that the spin-exchange Hamiltonian can reach the HL for a vacuum initial state, a seed must be used for rotation sensing as otherwise there is no coherent population to break the symmetry in the initial state to distinguish between clockwise and counter-clockwise rotations. The uniform density of the BEC components in the ring geometry gives good overlap at all times, and dynamically adjusting the quadratic Zeeman effect allows the generation of a large, highly number-squeezed input state for the interferometer that is potentially well-suited for rotation sensing.
Considering only the preparation of the input state, we found that a small seed (of the order of N seed /N 0 ≈ 10 −4 ) is able to achieve optimum spin-squeezing, as shown in Fig. 7(b) . However, during the interrogation time, the beating between the incoherent population in the unseeded modes makes a highly squeezed regime optimal only if measurements are performed at specific times. Measurement sensitivity could be enhanced by increasing , which we have not considered in this work. The rotation sensitivity increases with , which is apparent from inspecting Eq. (53), although there will be technical limitations on the maximum orbital angular momentum of the Laguerre-Gauss optical beams.
When the system is sufficiently dilute the effects of collisions can be small. In this situation the optimal measurement times are in a narrow window where the Wineland squeezing parameter revives. However, for any significant collisional interactions the optimal measurement time is relatively short such that the effect of phase-diffusion is small. Such small interrogation times may be undesirable for a precision measurement of a rotation, as indicated by Eq. (53) . Performing the interferometry in a sufficiently dilute regime would reduce the deleterious effects of interactions, and allow for significant reduction in shot noise, and increased interrogation times, as is usually done in precision atomic interfometry gyroscope experiments [9] [10] [11] . The rapid dephasing and highly dynamic sensitivity indicate that it may be favourable to consider methods other than atomic interactions to generate spin-squeezing. Another possible avenue for quantumenhanced sensing is atomic-photon hybrid techniques [68, [79] [80] [81] , which may avoid some of the complicating factors of this work.
